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Let m(A) be a bounded :-asurable function in R™ and let 7}, be the
operator defined by

Tl (3) = m(A)T(A).

The Mikhlin-Hérmander multiplier theorem (M-H 1960) asserts that if
the multiplier m(A) satisfies the condition
sup A|2°m(N)] < oo,
AERR
for any multi-index . with |af < [%} 4+ 1, then T}, is bounded on L?, 1 <
p < oo and from L! to LL,.

Calderén and Torchinsky extending this theorem (C-1' 1977) , proved
that if the multiplier m(A) satisfies the condition

sup |A]¥|9%m(A)]| < oo,

AER™
for any multi-index o, with |a] < n [(% - %)} + 1, then 7}, is L »unded on
HP 0<p<l.

There are many generalizations of those theorems. For example on Man-
ifolds (M-H), Discrete groups, Lie groups, Nilpotent groups, Symmetric
spaces, Graphs, Stratified groups e.a....

My generalization (2010) of (C-T) is on the context of Riemannian mani-
folds

Let M be a n—dimensional, complete, noncompact Riemannian manifold
with C*°—bounded geometry. We denote by d(.,.) the Riemannian distance,
by da the Riemannian measure, by B(z,r) the ball centered at z € M with
radius r > 0 and by V(z,r) its volume.
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s We assume that M sctisfies the doubling volume property, i.e. there is
a constant ¢ > 0, such that

(0.1) V(z.2r) <eV(z,r), Yo e M, 7> 0.

From (0.1) it follows that there exist constants e; 5> §lich that

Ve, r) r\ D
2 . < - YeeM, r>t :
10:3) Vi, t) "’((1‘.) - sF2E> 0

a Let us denote by A the Laplace-Beltrami operator on M and by p; (2, y),
t >0, 2.y & M, the heat kernel of M, i.e. the fundamental solution of the
heat equation dyu = Au. We assume that p; (z.y) satisfies the following

estimates: there are consiants ¢, ¢ > 0 such that
N L ey

(0.3) pi{ay, < r-'M:
' V(x, vt)

for all t > 0 and 7,y € M, and there are constants ¢1.c2 > 0 and v € (0, 1),
such that for all i > 0, and »,y,2 € M, with d(y, z) < Vi,

C],f.’."czd(:l:,y)z/t (d(y: z) )ﬂf
V(x, V1) Vi

(0.4) [pe(z, 4) — pe(.2)| £

e The Laplace-Beltrami ope.afor A on M is a positive and selfadjoint oper-
ator on L2(M). Thus, by the spectral theorem

A :/ ME;,
0

where df2y is the spectral measure on M.
Ifm: R — R is a bounded Borel function, by the spectral tiieorem we
can define the operator

m(A) = '/OOC m{A)dE),

which is a bounded operator on L*(M), with ||m(A)]|z—2 < |[m]lee. The
function m is called a multiplier and the operator m(A), is called a spectral

multiplier.
e Let us set,
D
Po = D‘l"‘f’,
and
L1
A=A(p)=D|=-—-z]+¢e, >0,
77 A

for all p € (po. 1|. Note that in case when Ric (M) > 0,py = 5.
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» Let us denote by C#(1R) the Lipschitz space of order A > 0, and by H? (M)
the Hardy space. Finally, let us fix a funetion 0 < ¢ € C*°(R), with
d(l) =1, VL€ [1.2], #(t)=0, Lt (,4)°

In the present work we prove the following

» theorem: Let M be a Riemannian manifold as above and let m(A), A € R,
be a multiplier satisfying

(0.5) sulgH(ﬁ(.)m(ﬁ.)ﬂcmpg < oo, p € (po,i]
t>
Then the operator m(A) is bounded on HP.

We note that by interpolation and duality, from Theorem it follows that
m(A) is bounded L? (M), for 1 < p < oo, and on BMO (M).

v exg. A 8 eR.
s If p € (po, 1], we say that a function a is a p-atom, if there is a ball B(y.r)
such that
(0.6) supp(a) C Bly,r), ||alle < V(y.r)~ VP
and [,, a(z)dx = 0. From (0.6) we get that

(0.7) llelly € Vig,r)MD-/0 g >1,

e We need first to define the Lipschitz space L£,, o > 0. We say that
1 & La, if there is a constant ¢ > 0 such that for every ball B and 2,y € B,
we have

(0.8) L) = f(w)l < < B|*.

The norm || f|iz, is defined as the smallest of those constants ¢ and males
Lq,a Banach space.
For p € (pg,1) we set @ = (1/p) — 1. Then we define H? as the space
; oo
of those functionals f € £, which can be written as f = Y A,a,, where

n=0

(An) € &7 and (a,) is a sequence of p-atoms. We set

oo 1/p 5
| f | e = inf (Z ’\n|f)) i = Z)\nan

n=0 n=0

We note that the dual H? is £, and that for every f € £, and for every
ball B and y € B, we have that

(0.9) NF = Fllezm < Iflle.

» Strategy of the proof
(1) Let p be in {pg.1). a I a p-atom supported on B{y,r). y € M. r >0
and 1 € C§°. By the anality argument it suffices to show that

|(m(A)a, $)| < ellallar|[Pllc. = clldllc,,

B|\t/m-Q1/2),




4 ATHANASIOS G. GEORG...DIS ANALYSIS CONFERENCE. [OANNINA GREECE

(2) Cancelation property: For every p-atom a, we have

(m{A)a){(z)dz = 0.
M

Then we write
(0.10) (m(A)a, ¥) = (m(A)a, s —b(y)).
and 1) — () = 41 + 4o, supported on ball B{y,4r) and on its com-
plement respectively.
We have then

(0.11) (&) 1) = (A, ) + (m(A)a, ).
(3} By the Cauchy-Schwarz inequality we get that [(m(A)a, ¥} <
[Im(A)a-s2li 2l = L) liL2(ae,a))-
Using {0.7) and (0.9), it follows frow the doubling property that
Hom{A)a, )] < eflpllc..

(4) We cut the multiplier on compactly supported terms my and

[m(A)adadl € D [mi(B)a, )i+ D [im;(A)a,va),

F<N+4 J>N+4
where N € Z be such that
(012} 2N/2 <r< 2(1\’-!-")/2.

(5) The second sum is estimated simillarly with the case of graphs.
(6) For the first sum because, B(y, 4r)° C Ugznrady(y), where

Ag(y) = B(y,2497D/%) — B(y,29/%)
we take by the Cauchy- Swartz

[(m (D), )] <

2 lims(A)alleaga, o lltielleega,mys
g=>N+4

and by Minkowski inequality , [l (A)allLzia, @y <

flally  sup “I{j(-‘z)“L“(A,,(y))-

d(z,y)<r

Where K is the kernel of m;(A).It suffices to estimate the norm

“Kj('sz)“nﬂvz(/}q(y})
but this is a consequence of heat kernel’s estimates. In fact we have if
i<gq
M ~A(q—5)/2
(0.13) T IONRRRE ... \/”V(j‘z,ﬁ)
Putting all together with the relations (0.7),(0.9), using the doubling
volune property and <umming over q and j we have that

{m(A)a, va)] < clfeh]lc. (g-e.d.)
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